SEMICLASSICAL MEASURES FOR THE SCHRODINGER EQUATION 

ON THE TORUS 

NALINI ANANTHARAMAN AND FABRICIO MACiA 

i<— ^ ^ Abstract. In this article, the structure of semiclassical measures for solutions to the 

fvq ■ linear Schrodinger equation on the torus is analysed. We show that the disintegration of 

—^ I such a measure on every invariant lagrangian torus is absolutely continuous with respect 

Qj ■ to the Lebesgue measure. We obtain an expression of the Radon-Nikodym derivative in 

Xy^ I terms of the sequence of initial data and show that it satisfies an explicit propagation law. 

As a consequence, we also prove an observability inequality, saying that the L^-norm of a 

solution on any open subset of the torus controls the full L^-norm. 
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1. Introduction 



3 ' Consider the torus T'^ := (M/27rZ) equipped with the standard flat metric. We denote 

by A the associated Laplacian. We are interested in understanding dynamical properties 
related to propagation of singularities by the (time-dependent) linear Schrodinger equation 
(N ■ 

\Q' i^{t,x)={ — A + V{t,x)]u{t,x), u]t=o = UoeL\T'^). 

a^■ 

O ' More precisely, given a sequence of initial conditions m„ G L^(T°'), we shall investigate the 

l/^ ■ regularity properties of the Wigner distributions and semiclassical measures associated 

O I with Unit,x). These describe how the L^-norm is distributed in the cotangent bundle 

rp*Yd _ qpd ^ j^o! (^position x frequency). Our main results. Theorems [1] and [3] below, 
provide a description of the regularity properties and, more generally, the global structure 
of semiclassical measures associated to sequences of solutions to the Schrodinger equation. 
These results are aimed to give a description of the high-frequency behavior of the 
C^ I linear Schrodinger flow. This aspect of the dynamics is particularly relevant in the study 

of the quantum-classical correspondence principle, but is also related to other dynamical 
properties such as dispersion and unique continuation (see the discussion below and the 
articles [T9| [2T| |3] for a more precise account and detailed references on these issues). As 
a corollary of Theorem [3l we prove an observability inequality on any open subset of the 
torus, for the Schrodinger equation with a time-independent potential : Theorem HI 

We assume the following regularity condition on the potential V G L°° (M x T ) : 
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(R) For every T > 0, for every e > 0, there exists a compact set K^ C [0,T] x T'^, of 
Lebesgue measure < e, and V^ G C([0, T] x T*^), such that |\/ - 1/^1 < e on ([0, T] x T"') \K,. 

We beheve that this assumption should not be necessary. In any case, assumption (R) 
aheady covers a broad class of examples. 

We shall focus on the propagator starting at time 0, denoted by Uv{t); i.e. u{t) = 
Uv{t)uQ. 

Let us define the notion of Wigner distribution. We will use the semiclassical point of 
view, and denote by {uh) our family of initial conditions, where /t > is a real parameter 
going to 0. The parameter h acts as a scaling factor on the frequencies, and the limit 
h — > Q^ corresponds to the high-frequency regime. We will always assume that the 
functions Uh are normalized in L^(T'^). The Wigner distribution associated to Uh (at scale 
h) is a distribution on the cotangent bundle T*T'^, defined by 

/ a(a;,0^«;,(c^a;,rfO = (m/i, Op^(a)u?,)^2(Trd) , for all a e C^°°(T*T^), 

where Op^(a) is the operator on L^(T'^) associated to a by the Weyl quantization (Section 
[8]). More explicitly, we have 

/ a{x,OwtA^x^dO = -—In Y\ Uh{k)uh{j)aj_k { T^ik + j) ) , 

where Uhik) := JjaUh{x) ^^^^^Ji dx and afc(0 ■= Ifd o.{x, (27r)dJ2 ^^ denote the respective 
Fourier coefficients of Uh and a, with respect to the variable x G T*^. We note that, if a is 
a function on T*T'^ = T*^ x R'' that depends only on the first coordinate, then 



1) / a{x)w'^^{dx,d^) = / a{x)\uh{x)\'^dx. 

Jt*j<i J-fd 



The main object of our study will be the Wigner distributions w^ ,^^ . When no 
confusion arises, we will more simply denote them by Wh{t, ■). By standard estimates on 
the norm of Opf^{a) (the Calderon-Vaillancourt theorem, section [8]), t i— )■ Wh{t,-) belongs 
to L°°(]R; V (T*T'^)), and is uniformly bounded in that space as h — > 0+. Thus, one can 
extract subsequences that converge in the weak-* topology on L°°(R; V (T*T'^)). In other 
words, after possibly extracting a subsequence, we have 

(p{t)a{x,^)wh{t,dx,d^)dt — > / (p{t)a{x,^)^{t,dx,d^)dt 

for all ip G L^(M) and a G C^{T*T'^). It also follows from standard properties of the Weyl 
quantization that the limit /x has the following properties : 

• fi E L°°(]R; A^_|_(T*T°')), meaning that for almost all t, fi{t, ■) is a positive measure 
on T*T^. 

• The unitary character of Uv(t) implies that Jrp,jd fJ'it, dx, d^) does not depend on t; 
from the normalization of Uh, we have /y*^d fi{t, dx, dC,) < 1, the inequality coming 
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from the fact that T*T'^ is not compact, and that there may be an escape of mass 
to infinity. 

Define the geodesic flow 0^ : T*T'^ — > T*T'^ by 0^(2:, ■= (^ + ^^>0 (^ ^ M). 
The Weyl quantization enjoys the following property : 



(2) 



-^A,Op,( 



-rOphU-d.^a). 
in 



This implies that /i(t, ■) is invariant under 0,-, for almost all t and all r G M (the 
argument is recalled in Lemma [TT]) . 

We refer to [11] for details. We can now state our first main result, which deals with the 
regularity properties of the measures /i. 

Theorem 1. (i) Let fi be a weak-* limit of the family Wh- Then, for alm,ost all t, 
Jjgd /x(t, -^d^) is an absolutely continuous measure on T''. 

(ii) In fact, the following stronger statement holds. Let p, be the measure on R'^ image 
of iJ,{t, ■) under the projection map (x, ^) ^-)■ ^. Then Jx does not depend on t. 

For every bounded measurable function f , and every L^ -function 6{t) write 

[ [ f{x,Of^{t,dx,doe{t)dt= [ [ ( [ f{x,Of^dt,dx)]mdoe{t)dt, 

where /^^(t, ■) is the disintegratioiu of n{t,-) with respect to the variable ^. Then for ft- 
almost every ^, the measure fi^{t, ■) is absolutely continuous. 

The first assertion in Theorem [T] may be restated in a simpler, concise way. 

Corollary 2. Let (un) be a sequence in L'^(T'^), such that \\un\\L2{Td) = 1 for alln. Consider 
the sequence of probability measures z/„, on T'^, defined by 

(3) Vn{dx) = I / \Uv{t)Un{x)\^dt I dx. 

Let V be any weak-* limit of the sequence (z/„) .■ then v is absolutely continuous. 

Our next result enlightens the structure of the set of semiclassical measures arising as 
weak-* limits of sequences [wh). It gives a description of the Radon- Nikodym derivatives 
of the measures J^^ fi{t , ■ , dC,) and clarifies the link between /i(0, •) and /i(t, ■). It was 
already noted in [15] (in the case V = 0) that the dependence of /i(t, ■) on the sequence 
of initial conditions is a subtle issue : although Wh{0, ■) = w^ completely determines 
Wh{t, ■) = w^ ,^^ for all t, it is not true that the weak-* limits of Wh{0, ■) determine /i(t, ■) 
for all t. In [121, one can find examples of two sequences (uh) and {vh) of initial conditions, 
such that w'^^ and w^^ have the same limit in V'(T*T'^), but w^^Mu^ ^^^ '^Uv{t)vh have 
different limits in L°°{^]V'{T*T'^)). 

In order to state Theorem [3l we must introduce some notation. We call a submodule 
A C Z'^ primitive if (A) fl Z'^ = A (where (A) denotes the linear subspace of R'^ spanned by 



When jjL {t, •) is a probability measure, fJ.(^{t, •) is the conditional law of x knowing ^, when the pair 
(x,^) is distributed according to /i(t, •) 
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A). If 6 is a function on T^, let hk-, k E Z"', denote the Fourier coefficients of h. If 6^ = 
for k ^ A, we will say that b has only Fourier modes in A. This means that b is constant 
in the directions orthogonal to (A). Let L^(T'^) denote the subspace of L^ (T'^) consisting 
of functions with Fourier modes in A. If 6 G L'^{T'^), we denote by (b)^ its orthogonal 
projection onto L\(T'^), in other words, the average of b along A^ : 

Given b G L^ (T'^) , we will denote by nii, the multiplication operator by b, acting on 

Lim. 

Finally, we denote by U(^y)^{t) the unitary propagator of the equation 
.dv , , /I 



^^(t,x) = \-^A + {V)A{t,x)\ v{t,x), v^t=o e Li(T"). 

Theorem 3. For any sequence {uh), we can extract a subsequence such that the following 
hold : 

• the subsequence Wh{t, ■) converges weakly-* to a limit fi{t, ■); 

• for each primitive submodule A C Z*^, we can build from the sequence of initial 
conditions [uh) a nonnegative trace class operator a \, acting on L^(T'^)|j 

• for almost all t, we have 






where vi^it^ ■) is the measure on T"', whose non-vanishing Fourier modes correspond 
to frequencies in K, defined by 



6(x)z/A(t, dx) = Tr (m(b)^ f^(y>A(i^) cta f^(y>A W*) , 

ifbeL"^ (T^) . 

Theorem [3] tells us more about the dependence of fi{t,-) with respect to t. If two 
sequences of initial conditions (uh) and (vh) give rise to the same family of operators a\, 
then they also give rise to the same limit fi{t,-). There are cases in which the measures i^a 
can be determined from the semiclassical measure /x(0, •) of the sequence of initial data : 
in Corollary [30] in Section |6]we show that if /i(0, T'' x A-*-) = then i>\ vanishes identically. 

Technically speaking, the operators o"a are built in terms of 2-microlocal semiclassical 
measures, that describe how the sequences (uh) concentrate along certain coisotropic man- 
ifolds in phase-space. The technical construction of cta will only be achieved at the end of 
Section [51 

We shall prove, as a consequence of Theorem [3l the following result: 



This means that the integral kernel of cta is constant in the directions orthogonal to A. 
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Theorem 4. Suppose V G L°°(T'^) does not depend on time and satisfies condition (R). 
Then for every open set u dT'^ and every T > there exists a constant C = C{T, u) > 
such that: 

(4) \\uQ\\\2(jci\<C \\Uv{t)uo\\\2{^^^dt, 



for every initial datum Uq G L^ (T^) . 

Note that this resuh iniphes the unique continuation property for the Schrodinger prop- 
agator Uy from any open set (0,T) x u. In other words, if Uy {t)uQ = on w for aU 
t G [0,T], then Uq = 0. Estimate (jlj) is usually known as an observability inequality; these 
type of estimates are especially relevant in Control Theory (see [18j). 

As a consequence of this result, with the notation of Theorem [1] (ii), we deduce the 
following : 

Corollary 5. For Ji-almost every ^, we have 

fi^(t,u)dt > 



ciT,uy 

This lower bound is uniform w.r.t. the initial data Uh and to ^. 

Relations to other work. In the case V^ = 0, Corollary |2] and the first assertion in 
Theorem [1] have been obtained by Zygmund [28] in the case d = 1. In the final remark of [5], 
Bourgain indicates a proof in arbitrary dimension, using fine properties of the distribution 
of lattice points on paraboloids. When the sequence (m„) consists of eigenfunctions of A 
{un{dx) = \un{x)\'^dx, in that case), the conclusion of Corollary |2] was proved by Zygmund 
{d = 2), Bourgain (no restriction on d) and precised in terms of regularity by Jakobson 
in [17], by studying the distribution of lattice points on ellipsoids. More results on the 
regularity of /i can be found in [H [HI [251 El] ■ 

Our methods are very different, and there is no obvious adaptation of the technique of 
[3 [T7] to the case V ^ 0. Theorem [3] was proved in dimension d = 2 for l^ = in [20j 
using semiclassical methods, and we develop and refine the ideas therein. We use in a 
decisive way the dynamics of the geodesic flow (since we are on a flat torus, the geodesic 
flow is a completely explicit object), and we use the decomposition of the momentum space 
into resonant vectors of various orders. The other main ingredient is the two-microlocal 
calculus, in the spirit of the developments by Nier [20] and Fermanian-Kammerer [TU | I11 | . 
and also [231 [12] • Our proof is written on the "square" torus. More precisely, the property of 
the lattice F = Z'^ C M*^ and of the scalar product (-, ■) (principal symbol of the laplacian) 
that we use is that [{x,y) G QVy G QF <^ x G QF]. This assumption can be removed and 
the results can be adapted to more general lattices, but this requires a slightly different 
presentation, that will appear in the work [2j. Moreover, it seems reasonable to think that 
Theorems [1] and [3] can be extended to more general completely integrable systems and their 
quantizations [2j . The generalized statement would be that the disintegration of the limit 



6 NALINI ANANTHARAMAN AND FABRICIO MACIA 

measure on regular lagrangian tori is absolutely continuous, with respect to the Lebesgue 
measure on these tori. 

Theorem m was first established by Jaffard [T6] in the case V^ = using techniques based 
on the theory of lacunary Fourier series developed by Kahane. Since then, several proofs 
of this result based on microlocal methods and semiclassical measures (still for V = 0) are 
available [6l [221 EI]- Our proof of Theorem H] will follow the lines of that given in [21] and 
is based on the structure and propagation result for semiclassical measures obtained in 
Theorem [3l At the same time as this paper was being written, Burq and Zworski [7j have 
given a proof of Theorem H] in the case V & C (T^), which is an adaptation of their previous 
work j5]. Here, we exploit our results about the structure of semiclassical measures to avoid 
the semiclassical normal form argument (Burq and Zworski's Propositions 2.5 and 2.10) 
and to lower the regularity of the potential. 

Corollary E] implies Corollary 4 of the article by Wunsch [27j (which is expressed in terms 
of wavefront sets) and holds in arbitrary dimension whereas Wunsch's method is restricted 
tod = 2. 

Acknowledgement. Much of this work was done while the second author was visiting 
the Departement de Mathematiques at Universite Paris-Sud, in fall-winter 2009. He wishes 
to thank this institution for its kind hospitality. 

2. Decomposition of an invariant measure on the torus 

Before we start our construction in ^ we recall a few basic facts on the geodesic flow 
and its invariant measures. 

Denote by C the family of all submodules A of U^ which are primitive, in the sense that 
(A) nZ°' = A (where (A) denotes the linear subspace of W^ spanned by A). For each A G £, 
we define 

A^ := {^ G M*^ : ^ ■ A; = 0, V/c G A} , 

Ta := (A) /27rA. 

Note that Ta is a submanifold of T*^ diffeomorphic to a torus of dimension rkA. Its 
cotangent bundle T*Ta is Ta x (A). We shall use the notation Tax to refer to the torus 
A"*-/ {2'k7/' n A"*-). Denote by Vtj C M°', for j = 0, ..., d, the set of resonant vectors of order 
exactly j, that is: 

nj := {^eR'^ ■.TkA^ = d-j}, 

where A^ := |/i;GZ'^:fc-^ = 0}. Note that the sets fij form a partition of M"', and that 
Qq = {0}; more generally, ^ G flj if and only if the geodesic issued from any x G T'' 
in the direction ^ is dense in a subtorus of T'^ of dimension j. The set Q := IJ "q fij is 
usually called the set of resonant directions, whereas f];^ = M°' \ 1] is referred to as the set 
of non-resonant vectors. Finally, write 



Ra ■.= A-^nQd- 



-rkA- 



The relevance of these definitions to the study of the geodesic flow is explained by the 
following remark. Saying that ^ G -Ra is equivalent to saying that (for any xq G T'^) the 
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time-average ^ L S^g+t^ (x) dt converges weakly to the Haar measure on the torus Xq+T^x, 
as T — i- oo. 

By construction, for ^ G -Ra we have A^ = A; moreover, if rk A = d—1 then R\ = A^\{0}. 
Finally, 



(5) M'^ = y i?^ 



LA, 

Ag£ 

that is, the sets R\ form a partition of Mf^. As a consequence, the following result holds. 

Lemma 6. Let fx be a finite, positive Radon measur^ on T*T'^. Then /i decomposes as a 
sum of positive measures: 



(6) ;x = J^/il 



T<^xiJA- 



Ae£ 



Given any /i G A^+ (T*T'^) we define the Fourier coefficients of /i as the complex measures 



on M"-: 

-ik-x 



Ad 2nr 



hd (27r) 
One has, in the sense of distributions. 

Lemma 7. Let n e M+ (T*T'^) and A G £. The distribution: 

feeA (27r) 

zs a finite, positive Radon measure on T*T'^. 
Proof. Let a G C^ (T*T'^) and {tii, ...,f„} be a basis of A"*-. Suppose 



(27r) 



then it is not difficult to see that 



1 f f \ 

{a)^{x,^):= lim rp rp ■■■ a x + ^t^y^^n citi...rft„ 



y--f%rZ ' Ju 



E«(^'0,, ,./2: 



fcGA 



{2^r 



^We denote by A^+ (T*T'') the set of all such measures. 
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that (a)^ is non-negative as soon as a is, \\{o) i^\\j^^trp,r^d\ < Wo-Wi^oofrp^fd), and that (a)^ G 
C^ (T*T^) as well Therefore, 



((^)a > «) = / («)a (3^' /^ (c^^, c?0 



T*T'' 



defines a positive distribution, which is a positive Radon measure by Schwartz's theorem. 

D 

Recall that a measure jj, E Ai+ (T*T^) is invariant under the action of the geodesic Aoamj 
on T*T'^ whenever: 

(7) (0^)^/i = /i, with 0^ (x, = (a; + r^, > 

for all T eM. Let us also introduce, for t; G M'^ the translations t"" : T*T'^ -^ T*T'^ defined 
by: 

r^(x,0 = (x + t;,0- 

Lemma 8. Let ft be a positive invariant measure on T*T'^. Then every term in the de- 
composition ^ is a positive invariant measure, and 

(8) MT'^xRa = [HAlT'ixRA- 

Moreover, this last identity is equivalent to the following invariance property: 

^Ht'^xRa = /^It^xRa, for every v e A^. 

Proof. The invariance of the measures fJ'ljd-^ji^ is clearly a consequence of that of fi and of 
the form of the geodesic fiow on T*T°'. To check ([8]) is suffices to show that // (/c, ■)~\ra = 
as soon as fc ^ A. Start noticing that ([7]) is equivalent to the fact that fi solves the equation: 

^v./i(x,o = o. 

This is in turn equivalent to: 

i{k-^)l2 {k, = 0, for every k G Z'^, 

from which we infer: 

(9) supp/2(A;,-) C I^GM"': A;-^ = 0}. 

Now remark that R\ n|^G]R'^:/i;-^ = 0} 7^0 if and only if fc G A. This concludes the 
proof of the lemma. D 



In what follows, we shall refer to such a measure simply as a positive invariant measure. 
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3. Second microlocalization on a resonant affine subspace 

We now start with our main construction. Theorem [1] (i) and Corollary |2] will be proved 
at the end of §H and Theorem |2] in §3 

Given A G £, we denote by Sj^ the class of smooth functions a {x, ^, t]) on T*T'^ x (A) 
that are: 

(i) compactly supported w.r.t. (x, ^) G T*T'^, 

(ii) homogeneous of degree zero at infinity in 77 G (A). That is, if we denote by S^a) 
the unit sphere in (A) {i.e. §(a) := (A) fl E>'^^^) there exist i?o > and ahom G 
C~ (T*T'^ X §(A)) with 

a (x, ^, T]) = Ohom ( X, ^, —7 ] , for \r]\ > Rq and (x, ^ ^ T*T'^; 

V \v\J 

we also write 

a (x, ^, oor]) = ahom ( x, ^, -- ) , for r] 7^ 0; 

(iii) such that their non-vanishing Fourier coefficients (in the x variable) correspond to 
frequencies A; G A: 

fceA (27r) 

We will also express this fact by saying that a has only x-Fourier modes in A. 
Let {uh) be a bounded sequence in L^ (T'^) and suppose that its Wigner distributions 
Whit) := w^ ,^^ converge to a semiclassical measure // G L°° (M;A^+ (T*T'^)) in the 
weak-* topology of L~ (M; P' (T*T'^)). 

Our purpose in this section is to analyse the structure of the restriction /u]t''x_Ra- "^^ 
achieve this we shall introduce a two-microlocal distribution describing the concentration 
of the sequence {Uv (t) Uh) on the resonant subspaces: 

A^ = {eGM'^:PA(O = 0}, 

where Pa denotes the orthogonal projection of W^ onto (A). Similar objects have been 
introduced in the local, Euclidean, case by Nier [2^ and Fermanian-Kammerer [ TOt [TT] 
under the name of two-microlocal semiclassical measures. A specific concentration scale 
may also be specified in the two-microlocal variable, giving rise to the two-scale semiclas- 
sical measures studied by Miller |23) and Gerard and Fermanian-Kammerer [12]. We shall 
follow the approach in [11], although it will be important to take into account the global 
nature of the objects we shall be dealing with. 

By Lemma [HI it suffices to characterize the action of /i]T<*xRA '^^ ^^^^ functions having 
only x-Fourier modes in A. With this in mind, we introduce two auxiliary distributions 
which describe more precisely how Wh (t) concentrates along T*^ x A"*- and that act on 
symbols on the class S\. 
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Let X ^ C*^ (J^) be a nonnegative cut-off function tliat is identically equal to one near 
the origin. Let i? > 0. For a E S\, we define 

{<R it) ,a):= j^^^^ [l-x [^) ) « (^' e, ^) w, (t) (dx, dO , 
and 

(10) ^Ai? (^) , «) := ^^^^ X (^^) « (^' e, ^^) w, (t) (rfa;, d^ • 

Remark 9. If A = {0} t/ien w^^ = ant^ WA,h,R (t) = "W^h (i^) ® Sq. 
Remark 10. For every R > and a E S\ the following holds. 

The Calderon-Vaillancourt theorem (see the appendix for a precise statement) ensures 
that both wf^ j^ and WA,h,R are bounded in L°° (M; (5^) ). After possibly extracting subse- 
quences, we have the existence of a limit : for every (p E L^ (M) and a E S}^, 

^{t)(fi^{t,-),a)dt:= Urn lim hp (t) (w"^ ^ (t) , a) dt , 

and 

(11) ip {t){fi A (t,-), a) dt:= lim lim p> (t) {wA,h,R{t) ,a) dt. 
Jr R-*°° h^o+ J^ 

Define, for (x, ^, r/) G r*T^ x M'^ and r G M, 

and, when rj y^ 0, 

(Pl{x,^,r]) := (x + T-—,^,r] 

Since the distributionqj w^^j and w\^h,R satisfy a transport equation with respect to the 
^-variable the following result holds. 

Lemma 11. The distributions /2a (t, ■) and fi^ (t, ■) are (p^ -invariant for almost every t: 

{^r)jA it, ■) = f^A it, ■) , (0°)>^ it, ■) = /2^ (t, ■) , /or et;ery r G M 

Proo/. Let a G C^ {T*T'^). Then 



(12) ^K(t),a)=z(M;,(t,-), 



-1 A + r (t, ■) , Op, (a) 



Mh(i^, 



Now, using identity ([2]) for the Weyl quantization we deduce: 

(13) ^ («;/. it) , a) = -^ (u;;, (t) , e ■ 9,a) + (4 (t) , a) , 



It is convenient to use the word "distribution", but we actually mean elements of i°° ( R; (S\ 
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where 

(14) (£(> it) ,a):=t K (t, ■) , [V {t, ■) , Op, (a)] u^ {t, ■)) • 

Note that this quantity is bounded in h for t varying on a compact set. Integration in t 
against a function ip ^ C} (M) gives: 

^ (t) (w;, (t) , ^ 9,a) dt = -h I ip' (t) (u;/, {t),a)dt-h I ^ (t) (£^ (t) , a) dt. 



Replacing a in the above identity by 



^ Rh J \ '^' h J V \ Rh J J \ '^' h 

and letting /i — )■ O"*" and i? — t- oo we obtain: 

(/iA (t, ■) , ^ ■ d^a) = and (/i^ (t, ■) , ^ ■ (9^a) = 

which is the desired invariance property. D 

Positivity and invariance properties of the accumulation points ft^ (t, ■) and fl^ (t, ■) are 
described in the next two results. 

Theorem 12. (i) For a.e. t E M, fL^(t,-) is positive, O-homogeneous and supported at 
infinity in the variable rj (i.e., it vanishes when paired with a compactly supported function) . 
As a consequence, jl^ (t, ■) may be identified^ with a positive measure on T*T'^ x S(a). 

For a.e. t E M, the projection of ji\ (t, •) on T*T'^ is a positive measure. 

(a) Both fi^ (t, ■) and /iA (t, ■) are (p^-invariant. 

(Hi) Let 

/i (t,-):= / /i (^, ■,'^^)l(a;,5)6TdxiJA5 A^A (i, ■) := / /^A (^, ", C^^)l (x.^eT^xiJA • 

J {A) 7(A) 

Then both /i^ (t, ■) and /iA (t, ■) are positive measures on T*T'^ , invariant by the geodesic 
flow, and satisfy: 

(15) /i (t, ■y\TdxB^A = ^^ (^' ■) + ^A {t, ■) . 

Note that identity (fTSl) is a consequence of the decomposition property expressed in 
Remark [TOl 

The following result is the key step of our proof, it states that both fj,^ and /xa have 
some extra regularity in the variable x, for two different reasons : 

Theorem 13. (i) For a.e. t G M, fi\{t,-) is concentrated on T"' x A"*- x (A) and its 
projection on T"' is absolutely continuous with respect to the Lebesgue measure, 
(a) For a.e. t E M, the measure fi^ (t, ■) satisfies the invariance property: 

(16) (0^)^/i^(t,-)=/i^(t,-), TER. 



More precisely, there exists a positive measure M^ {t, •) on T*T'^ x S^^) such that 
/t-tix(A)"(^'^''^)'^'^(*''^^''^'^) = /t-tixS(a) "(^''^'°°'?)^'^'^(^''^?'^'')- F°^ simphcity we will identify 
M {t, ■) and jl (t, •), and we will write the integrals in the most convenient way according to the context. 



12 NALINI ANANTHARAMAN AND FABRICIO MACIA 

Remark 14. As we shall prove in Section the distributions fl/<^ (t, ■) verify a prop- 
agation law that is related to unitary propagator generated by the self-adjoint operator 
|A + {V)^ (t, ■), where {V)j^ denotes the average ofV along A"*-. 

Remark 15. The invariance property l[T^) provides fi^ with additional regularity. This is 
clearly seen when rkA = 1. In that case, [W\) implies that, for a.e. t G M, the measure 
fi^ (t, ■) satisfies for every v G §(a)-' 

(17) «), /i^ (t, ■)lTdxRAx(A> = f^^ it, ■)lT^xi?Ax(A), S G R. 

On the other hand, Lemma\^ implies that l[H\) also holds for every v G A"*-. Therefore, we 
conclude that jl^ (t, •)1t''xRax(A) ^■^ constant in x ^T^ in this case. 

Remark 16. Theorems ITB (Hi), and\T^ (i), together with Lemma\^ imply that, for a.e. 
t &"R, we have a decomposition: 

/i(t,-)= J]yU''(t,-) + J]/^A(t,-), 
Ae£ Ae£ 

where the second term in the above sum defines a positive measure whose projection on T*^ 
is absolutely continuous with respect to the Lebesgue measure. 



The rest of this section is devoted to the proofs of Theorems [12] and | 

3.1. Computation and structure of /Ia- We use the hnear isomorphism 

XA:A^x(A)^R'^:(s,i/)^s + y 

and denote by Xk • T*K-^ x T* (A) — ?■ T*W^ the induced canonical transformation. Exphc- 
itly, xa goes as follows : let (s, a) G T*A^ = A^ x (A^)* and (y, r/) G T* (A) = (A) x (A)*. 
Extend a to a linear form on M°' vanishing on (A) , and r/ to a linear form on W^ vanishing 
on A^. Then xa(s, ct, y,r]) = {s + y,a + t]) E T*W^ = M"' x (M^)*. 

The map xa goes to the quotient and gives a smooth Riemannian covering : 

TTAiT^x xT^^T^:{s,y)^s + y- 

vta will denote its extension to the cotangent bundles T*T^± x T*Ta — )■ T*T^. Let pa 
denote the degree of tta. 

There is a linear isomorphism Ta : Lf^^ (W^^ -^ Lf^^ (A-*- x (A)) given by 

TaU := —— {u o xa) • 
\/Pk 



Note that because of the factor p^^ , T\ maps L^ (T"') isometrically into a subspace of 
L2 (Tax X Ta) = L"^ (Tax; L^ (Ta)). Moreover, Ta maps Ll (T'^) into L^ (Ta) C L^ (Tax x Ta) 
since if the non-vanishing Fourier modes of u correspond only to frequencies A; G A, then 

(18) T\u {s,y) = u (y) for every s G T^x. 

a/Pa 
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Since xa is linear, the following holds for any a G C°° (T*'R'^^ : 

Ta Op/, (a) = Op;, (a o xa) Ta- 

Denote by Op^ and Op^j the Weyl quantization operators defined on smooth test functions 
on T* A"*- X T* (A) which act on the variables T* A-*- and T* (A) respectively, leaving the other 
frozen. The composition Op^^ Op;^ gives the whole Weyl quantization Op^ on T*A-^ x 
T* (A). Now, if a G 5a we have, in view of (ITSl) . that a o tta does not depend on s G Ta-l 
and therefore we write a o 7fA(cr, y, rf) for a o txa{s., cr, y, rf). We have 

(19) Ta Op^ (a) = Op^^ (a o t^a {hD^, ■)) Ta. 

Note that for every a G A"*", the operators Op^j (a o tta (o", ■)) map L^ (Ta) into itself. To 
be even more precise, it maps the subspace Ta(T^(T'^)) into itself. 

Remark 17. Let a G S\; set a^ (x, ^, r]) := x {v/R) Q- i^, ^, v) ^"^ define a\j^ G C^ (A-^ x T*Ta) 
by 

a'R,Ai(^^y^v) ■=aRi7rAicr,y,hr]),r]) = aR{y,a + hr],r]), (y, r/) G T*Ta, o" G A"^. 

It is simple to check that / f79|) gives: 

TA0p,(a)T; = 0pf (a?j,A(/^^s,-)), 
and 

{wA,h,R (t) , «) = {TaUh it, ■) , Opf (a^A {hDs, •)) Tam^ (t, ■)>^2(Tr^^.i2(T^)) • 

Note that for every i? > 0, t G M and (s, o") G T*Tax, the operator 

Opf (a^,A {<y, •)) 

zs compact on L^ (Ta), smce a^^ zs compactly supported in the variable rj. 

Given a Hilbert space H, denote respectively by /C (H) and C^ {H) the spaces of compact 
and trace class operators on H. A measure on a polish space T, taking values in C^ (if), 
is defined as a bounded linear functional p from Cc (T) to C^ (H)', p is said to be positive 
if, for every nonnegative b ^ Cc (T), p (6) is a positive hermitian operator. The set of such 
measures is denoted by A^_|_ (T; C^ (H)); they can be identified in a natural way to positive 
linear functionals on Cc{T]IC{H)). Background and further details on operator- valued 
measures may be found for instance in [14J. 

In view of Remark [T7t it turns out that the limiting object relevant in the computation 
of Pa is the one presented in the next result. For K G C^ {T*Tj^±] K, {LP' (Ta))) denote: 

(20) « (t) , K) ■= {T^Uy (t) Uh, K (s, HD,) T^Uy (t) uh) ^.^^^^.^.^^^^^^ • 

Proposition 18. Suppose (uh) is bounded in L^ (T^) . Then, modulo a subsequence, the 
following convergence takes place: 

(21) lim / if (t) {n^ (t) , K) dt = (p (t) Ti K (s, a) pA (t, ds, da) dt, 



14 NALINI ANANTHARAMAN AND FABRICIO MACIA 

for every K G C^ (T*T^x; /C (L^ (Ta))) and every ip E L^ (M); m other words, p\ is the 
limit ofn^ (t) m the weak-* topology of L°° (R,V' {T*Tj^±;C^ (L^ (Ta)))). 

Then p\ is an L°° -function in t taking values in the set of positive, C} [l? {TA))-valued 
measures on T*T^±. We have jj„j Ti p\{t,ds, da) < 1 for a.e. t. 

Moreover, for almost every t the measure p\ {t, ■) is invariant by the geodesic flow 

0r|T*T^x '■ ("5, cr) h^. (s + rcr, a) (t G R). 

This result is the analogue of Theorems 1 and 2 of ^19j in the context of operator-valued 
measures. Its proof follows the lines of those results, after the adaptation of the symbolic 
calculus to operator valued symbols as developed for instance in jT¥j . 

When taking the limits h — y and R — > +oo one should have in mind the following 
facts. For any a G 5^, we have for fixed R 

Op^ «A i^, ■)) = Opf {a%^ {a, ■)) + 0{h) 

where the remainder 0{h) is estimated in the operator norm (using the Calderon-Vaillancourt 
theorem). In addition, the following limit takes place in the strong topology of C^ (T*Tax; C [L"^ (Ta))): 

hm Op^ {al^ {a, ■)) = Op^ (a° (a, ■)) , 

where a° is defined by setting h = and i? = oo in the definition of a^A- I^ other words, 

«a(^) y^ V) = a(7rA(cT, y, 0),v) = a{y, a, r]). 

Combining what we have done so far, we find 

Corollary 19. Let p^ G L°° (M; M+ {T*T^±;C^ {L^ (Ta)))) be a weak-* limit of {n^) . Let 
Pa be defined by (ITU]) and (ITT]) . Then, for every a E S\ and a.e. t eM. we have: 

/ a (x, ^, rj) Pa (t, dx, d^, drf) 

JT*Tiy.{K) 



= Tr / Opf (a° ((T,-))pA(t,rfs,da) 

Remark 20. If a E S\ does not depend on 7] eW^ then the above identity can be rewritten 



as: 



(22) / a{x,C.)pA{t,dx,dC,,dr]) = TTL2(^f^)i niaonAi^^) PA{t,ds,da) 



where for a E A"*-, m^ (cr) denotes the operator of multiplication by a (., a) in L^ (Ta)- 

Since all the arguments above actually hold with L^(Ta) replaced by the smaller space 
Ta{L\{T'^)), and since niao-Kj^ia) = TAma{cr)T^ on this space (where ma{a) is again the 
multiplication operator by a{.,a)), we can write the above identity as: 

(23) / a {x, fj'A {t, dx, dC,, dt]) = Ttl^^jcI) / ma{a)TlpA {t, ds, da) Ta 
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And when a = a{x) does not depend on ^, this reduces to 
(24) / a (x) fiA {t, dx, dC, drj) = Tri2 (^d) / maT^p^ {t, ds, da) T^ 



d 



which proves the absolute continuity of the projection of fi\ to T 

3.2. Computation and structure of fl^. The positivity of p,^ (t, ■) can be deduced 
following the lines of |12j §2.1, or those of the proof of Theorem 1 in [H]; the idea 
is recalled in Corollary |35] in the appendix. Given a & Sj^ there exists Ro > and 
Ohom e C^ (T*T'^ X §(A>) such that 

a (x, ^, r]) = tthom {x,C.,-r-r) , for \r]\ > Rq. 

V \v\J 

Clearly, for R large enough, the value {wf^j^ (t) , a) only depends on ahom- Therefore, the 
limiting distribution jl^ (t, ■) can be viewed as an element of the dual of C^ ^j'*^d ^ S^^)) • 
Let us now check the invariance property (fT6l) . Set 

a^(x,e,r7):= (l - X (^)) a (a;,^,^) • 
Notice that since a has only Fourier modes in A: 



- ■ d^a"" ( X, e, -^ 1 = -^ ■ d^a"" [ x, ^ 

Therefore, by equations (fT3|) and (fl^ . and taking into account that a^ vanishes near ^7 = 0, 
we have, for every if E C^ (M): 



(25) 



/ V it) (wl^ (t),^- d^aA dt = - [ ^' (t) (wIr it) , ^aA dt 



(26) + f ^it)(d^it),^aAdt. 

Jr \ \v\ I 

Writing t] = ru with r > and u G §(a) we find, for R large enough: 

b^ {x, ^, v) ■= yi^^ (^' ^' ^) = ~ (^ ~ ^ \^j) "^°™ ^^' ^' ^'' ' 

moreover, since b^ is homogeneous of degree —1 in the variable rj, the Calderon-Vaillancourt 
theorem implies that the operator: 



h 
satisfies: 

i7-p||^.MI.(..(T.))<^ 



BtR:=Ovn[h^[x,i 

C 
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Therefore, 



lim lim / ^p' (t) Iw^r, (t) , --a^) dt = 0, 



R 

and 

/ 1 \ C 

limsup(£^(t),^a-^) < Climsup || [V, 5;^^] || . . ^^ < -^ \\V\\^^(^,a . 
h~^o+ \ \V\ I h->o+ ^ V )) K \ ) 

After letting /i — )■ O"*" and i? — )■ oo in (125|) . (126|) . we conclude that for almost every t G M: 

w ■ Vxfi^{t,x,C.,uj) = 0. 
This is equivalent to (fT6|l . 

4. Successive second microlocalizations corresponding to a sequence of 

lattices 

Let us summarize what we have done in the previous section. The semiclassical measure 
fi{t, .) has been decomposed as a sum 

A A 

where A runs over the set of primitive submodules of Z*^, and where 

.A^j- \ / r.A 



J (A) J (A) 

The "distributions" fl^ and fl^ have the following properties : 

• /iA(t, dx, d^, dri) is in L°° (R; {Si)') ; 

. j\^^ln,{t,.,dr^) is in L-(R,>1 + (T*T^)); 

• for a G iS^, we have 



/ a{x,^,ri) fiA{t,dx,d^,dri) = Tr / Opi{a{-,a, 



■)) PA{t,ds,da) 



where Pa (^) is a positive measure on T*T\±, taking values in C^ {T\{L\(T'^))) , 
invariant under the geodesic flow (s, cr) ^-)■ (s + ro", a) {t &M.). 

In addition, 

• for a G S\, {p^^it, dx, d^, drj), a{x, C,, r])) is obtained as the limit of 

«^ (t) , a) := j^^^^ {l-x (%f^) ) « (^> e, ^) ^. (t) (rfx, dO , 

where the weak-* limit holds in L°^{E.,S\), as h — > then R — > +oo (along 
subsequences) ; 

• fx^{t,dx,d^,dri) is in L^(R,M+iT*T'^ x §(a>)); 
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• yU^ is invariant by the two flows, 0° : (x, C,, rj) \-^ {x + rC,, C,, r]), and (f>l : (x, ^, i]) h> 

(x + r^,e,r7)(rGM). 

This can be considered as the first step of an induction procedure, the k-th step of which 
will read as follows : 

Step k of the induction : At step k, we have decomposed fi(t, .) as a sum 

l<Z<fc AiDA2D...DA, AiDA2D...DAk 

where the sums run over the strictly decreasing sequences of primitive submodules of Z'^ (of 
lengths / < A; in the first term, of length k in the second term). These measures themselves 
are obtained as 

J Ra2{Ai)x...xRai{Ai-i)x{Ai) 

/^A-A^(t,.) = f jl^^^--^-{t,.,dvu...,dr^k)]T-xRA^, 

J RA2{Ai)x...xRAf^{Ak-i)x{Ak) 

where we denoted -Ra(A') := A-^ n (A') fl fi^kA'-rkA, for A C A'. 

Let us denote by 5^ ^ the class of smooth functions a{x,C,,Tii, . . . ,rik) on T*T°' x 
(Ai) X ... X (Afc) that are (i) smooth and compactly supported in (x,^) G T*T'^; (ii) 
homogeneous of degree at infinity in each variable t^i, . . . ,7]^; (iii) such that their non- 
vanishing X- Fourier coefficients correspond to frequencies in A^. 

The "distributions" jl^^ ^"' '~^ and ^^i^a-.-A^ j^g^yg ^}^g following properties : 

• /i^^ ^"' '~^ is in L°° (R, {Sj^^^ ^ )'). With respect to the variables r]j G (Aj), j = 
1, . . . ,1 — 1, it is 0-homogeneous and supported at infinity. Thus, (as in footnote E]) 
we may identify it with a distribution on the unit sphere S(Ai) x . . . x S(A;_i) ; 

• LA,)f^T"'''"'it^-^dVi) is in L°-(R,M+{T*T'^ x S^^^) x ... x §(a,_,))); 



'(AO^Ai 

for a G iSj^ ^ , we have 



(27) 



/ a{x,^,r]i,..., r]i) fi^]^^'"^' ' (t, dx, d^, dr]i, ..., dr]i) 

JT*Tdx(Ai)x...x(A,_i> 

(28) 

where p^^ ^"' '''^{t) is a positive measure on T*T^x x S(Ai) x . . . x S^Ai_i), taking 
values in C^{T/<^^L\ (T^)). It is invariant under the fiows (s, cr, r^i, . . . , r/^-i) h-> (s + 
ra, a, %,..., r]i^i) and (s, o", r^i, . . . , r/^.i) h^ (s + r^, cr, ?7i, . . . , r^^^i) (r G M, j = 
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1,...,/ — 1). Equation fl28]l implies that the projection of fi^ ^"' ^'^ on T*^ is 
absolutely continuous. 

• For a G S\^ ^^, {fl^^^'^-^''(t, dx, d^, drji, . . . , drjk), a{x,$,,rii, . . . ,rik)) is obtained as 
the limit of 

w,{t,dx,dO,a(x,^,^,...,^](l-x(^]]...(l-X^^''^ 



h ^ ^ h J \ \RihJJ \ \Rkh 

The weak limit holds in L°°(R, (>S|^ ^^J'), as /i — ^ then Ri — > +cx),..., Rk — > 
+00 (along subsequences); 

• ft^^^^-^k is in L^(R, M+iT*T^ x §(Ai) x . . . §(a,))); 

• ^A.iA2...Afe jg invariant by the k + 1 flows, 0° : (x, C,, r/) h-> (x + r^, ^, r^i, . . . , rjk), and 
(H- ■ ix,^,Vu---,Vk) ^ {x + Tj^^,^,r]i,...,T]k) (where j = 1, . . . , /c, r G M). 

How to go from step k to step k + 1. 

The term XIkka: XIa dA d dA A'-a^ ^ '~^ remains untouched after step k. 
To decompose further the term ^^ -^^ -^ -^^ ^AiA2...Afc^ ^^ proceed as follows. Using 
the positivity of ^^1^2. ..Afc^ ^^ ^gg ^j^g procedure described in Section [2] to write 

~AiA2...Afc _ V^ r;AiA2...Afc-| 

Afc+iCAfc 

where the sum runs over all primitive submodules A^+i of A^. Moreover, by the proof of 
Lemma [HI all the x- Fourier modes of fl^^^^""^''~\r}k£RA (a^) are in A^+i. To generalize the 
analysis of Section El we consider test functions a G 5^^^ ^ • ^^^ ^^"^^ a function a, we 



let 



(<t::^Mt),a) 



/T*fd 



i_,l%|))V..A_J%MlUi_,V^-..(«) 



Rih J J \ \ Rkh J J \ V R-k+ih 

a ( x,^, — ^^^ — ,■■■ , 1 Wh{t)[dx,di) 



and 



^ kl+l'xRi,-,Rk (^) ' ^ 



/T*T 



i_H%M^V,Yi-J%|)lV/^-K' 



Rih J J \ \ Rkh J J \ Rk-\-ih 

a ( x,^, — - — ,■■■ , 1 Wh{t){dx,d^) 
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By the Calderon-Vaillancourt theorem, both w.^ '^'V J^ „ and w^,\^"' Ji^^ are bounded 
in L°°(R, (5y\^^^ j^ )'). After extracting subsequences, we can take the following limits : 

u'^^^^'"'^''^^ ''+'' '^^ /r,AiA2-A 

Rk+i — i'+oo Ri — l>+oo h — >0 \ 

and 



lim ■ ■ ■ lim lim (w, ''''-'''+' (t) , a > =: //iAiA2...A.+, ^\ 



1™..^---P,l™^j^n(<+1A^I...,«. W'«) =^ (K+l 



-AiAo-.-Afr 



a 



i?fc+i — i>+oo _Ri — >+ooh — s-0 \ *+!' 

By the arguments of §21 one then shows that ^AiA2...Afe+i ^^^ ^^i 2... k satisfy all of the 
induction hypotheses at step k + 1. In particular, we obtain the following analogues of 
Theorems [12] and I 



Theorem 21. (i) ^^i^2...Afc+i ^^^ .-j ^^ positive, zero-homogeneous in the variables rji G 
(Ai) , . . . ,?7fc+i G (Afc+i), and supported at infinity. It can thus be identified with a pos- 
itive measure on T*T'^ x S(Ai) x . . . x Sij^fc+i)- 

^^1 2... k ^^^ .^ ^g zero-homogeneous in the variables rfi G (Ai) , . . . ,r]k G (A^), an^i sup- 
ported at infinity. It can thus be identified with a distribution on T*T'^ x §(Ai) x . . . x S^a^.) x 
(Afc+i). 

The projection of ^^ '^"' * (t, ■) on T*T°' x S(Ai) x . . . x S(Afe) ^s positive. 

(a) For a.e. t E M, ^AiA2...Afe+i ^^^ .-j ^^^^ ^^1 2... fe^^^^ -j satisfy the invariance properties: 



(^.)^^A.A....A,,,(^^.)^~A,A2...A,,,(^ 



5 / 5 



forj = 0,...,k,Te 
(Hi) Let 



>''-RA2(Ai)x...x_RAfc_i_i(Afc)x(Afe+i) 
AiA2...At+i /J. N _ / ~AiA2...Afc 



>''-RA2(Ai)x...xRAfc_i_i(Afc)x(Afe+i) 

T/ien both (ip^ '^"' ''{t,.) and yU^^^^'"^'=+i(t, .) are positive measures on T*T'^, invariant 
by the geodesic flow, and satisfy: 

(29) /^^^•••^'=i.../?A,,,(A.)(t, .) = 4itr-^'=(^' •) + /^^^-^^^^(t, .)• 

Theorem 22. ("zj For a.e. t E R, filial -^''{t, .) is supported on T"^ x A^_^i x §(Ai> x . . . x 

§(Afc) X (Afc+i) a?i.(^ ^is projection on T'^ is absolutely continuous with respect to the Lebesgue 
measure. 

(a) The measure ^AiA2...Afc+i ^^^ .-j satisfies the additional invariance properties: 

(^^+l)^^A,A2...A,,,^^^.)^^A,A2...A,,,^^^.)^ 

for T eR. 
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The ideas are identical to those of Sections |2] and [3l and detailed proofs will be omitted. 

Remark 23. By construction, z/A^+i = {0}, we have ^^i^2---^fc+i = 0^ and the induction 
stops. The measure /i^^ ^"' *= is then constant in x. 

Similarly to Remark [75| one can also see that z/rkA^+i = 1, the invariance properties 
o//i^i^2---A-fc+i imply that it is constant in x. 

Proof of Theorem [1] (i) and of Corollary [H We write 

l<l<d+l AiDA2D...DA, 

and we know that each term is a positive measure on T*T'^, whose projection on T"^ is 
absolutely continuous. This proves Theorem [T] (i). 

Corollary |2] is a direct consequence of Theorem [T] (i) and of the identity ([T]), with 
one little subtlety. Because T*T'^ is not compact, if Wh converges weakly-* to /i and 
(/o \Uvit)uhix)\'^dt] dx converges weakly-* to a probability measure v on T"', it does not 
follow automatically that 



z/ = / / yu(t, -, d^)dt. 

Jo jRd 



This is only true if we know a priori that /j-d^jgd fJ'{t, dx, dC,) = 1 for almost all t, which means 
that there is no escape of mass to infinity. To check that Theorem [1] implies Corollary [21 
we must explain why, for any normalized sequence (m„) G L'^{T'^), we can find a sequence 
of parameters /i„ — )■ such that the sequence w^" does not escape to infinity. Let us 
choose hn such that 

(30) E \unm' — ^ 1, 

fcez<*,||fc||</i~^ 



,,ik.x 



which is always possible. If we let Un{x) = ^kez^ lifc||</i;r^ Un{k) .^ d/2 , equation (130|) implies 
that w^"' has the same limit as w^^- On the other hand w^" is supported in the compact 
set T*^ X -8(0, 1) C T*^ X M.^. Thus w-" cannot escape to infinity. Let us point out that 
with this choice of scale (hn), the sequence (un) becomes /in-oscillating, in the terminology 
introduced in [T3l [TSl. 



5. Propagation law for pa 

We now study how pA{t, ■) (defined in Proposition [T8] (12T]) ) depends on t. This will allow 
us to complete the proof of Theorem |3] and will be crucial in the proof of the observability 
inequality. Theorem HI We use the notation of §3.11 In particular, s will always be a 
variable in Ta±, and y a variable in T^. 

In order to state our main result, let us introduce some notation. Let Vk{t), fc G Z, 
denote the Fourier coefficients of the potential V {t, ■). We denote by (V)^ {t, ■) the average 
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of V (t,-) along A"*-, in other words : 



^vr\/' JL 



keA (27r) 

We put -ffn/) (t) '■= "I^A + (^)a (^' ■) where Aa is the Laplacian on (A), and denote by 
^(v) (^) t^^ unitary evolution in L^ (Ta), starting at t = 0, generated by Hf^-. (t). 

Proposition 24. Let p^ e L°^ (R; A^+ (T*Tax; ^M^^Ta)))) he a limit of {n^) as in 
Proposition [73. 

Let (s, 0") I— i- K{a) be a function in C^ (T*T^±; /C (L^ (Ta))) ^/^o^ (^oes noi depend on s. 

Then 

— -Tr / K (a) pa (t, ds, da) = zTr / [^(V>a (^' ') ' ^ (^)] Pa (t, c?s, da) . 

Corollary 25. Lei /xa (i, ■) be the measure defined in TheoremlTB. 

For any a G C^ (T*T'^) with Fourier coefficients in A the following holds: 



/ a (x, ^) /iA {t, dx, d^) = Tr / 



U{v)^ (t)* rriaoTTA (o-) f/(V)^ (i^) Pa (0, c?s, da) ) . 



TT^iXiJA 

Proposition [2l] will be a consequence of a more general propagation law. For fixed 
s G Tax, denote by Uy (t, s) (t G M) the propagator corresponding to the unitary evolution 
on L^ (Ta), starting at t = 0, generated by 

Hi){t,s) := -^A^ + V {t,7r^{s,y)) . 
Our main goal in this section will be to establish the following result. 
Lemma 26. For all K as in Proposition 



d_ 
It 



-Tr / (a) Pa (i, ds, da) = iTt / [H^ {t, s) , K (a)] pa {t, ds, da) 

(where -^ is interpreted in distribution sense). 

That Proposition 121] follows from Lemma I2B] is a consequence of the invariance of pA (t, ■) 
with respect to the geodesic flow. 

Proof that Lemma\2^ implies Proposition \2^ Assume that Lemma [26] holds. Since pA (t, ■) 
is invariant by s i— ;■ s+rcr (r G M), it follows from Lemma[8]that pA {t-, OIt ^ x-Ra i^ invariant 
by all translations s ^-^ s + v with v G A^. Therefore, 

PA(t, OIt.xX/Ja =C^^® / PA(t,rfs, OlfiA- 



As 



TTaJ 



H^ {t, s) ds = -^Aa + / V{t, TTA {s, y)) ds = //f^. (t) 
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the result follows. D 

Next we shall prove Lemma [26l first in the smooth case, then for continuous potentials 
and finally for potentials that satisfy assumption (R). 

5.1. The case of a C~ potential. Here we shall assume that V e C°°{R x T'^). The 
restriction of n^ (t) to the class of test functions that do not depend on s G T^± satisfies a 
certain propagation law, that we now describe. This generalizes statement (ii) in Theorem 
2 of [19]. 



Lemma 27. If K & C^ (A"*"; /C (L^ (Ta))) is a function that does not depend on s then 
(31) I {nt (t) ,K)=t {Tj,u,, [H^ (t, •) , K (HD,)] nu,)^,^^^^,^^,^^^^^ . 

Proof. It is simple to check that ( IT9l) gives: 

rAAT; = AA + AAX. 
Moreover, it is clear that: 

Therefore, equation fl20|) . in the case when K does not depend on s, gives (13T]) . D 

Taking limits in equation ( 1311) and taking into account that we can restrict p^ to (s, a) G 
Tax X i?A (since it is a positive measure), concludes the proof of Lemma |26] in this case. 

5.2. The case of a continuous potential. In this section, we assume that V G C(R x 
T'^). In this case. Lemma [271 still holds, but we cannot obtain |26] by simply taking limits. 
Instead, we shall use an elementary approximation argument. 
We introduce a sequence Vn of C°° potentials, such that 

\\V-V4l^<-. 
n 

We rewrite equation (13T1) . 

^ {n^ (t) ,K)=z {nuhit), [Hi {t, ■) , K (HD,)] T^Uhit)) 

+ I {TAUhit), [V - K, K {HDs)] Tp^Uhit)) . 
We use the inequality 

\{TKUhAV -Vn,K{hD,)]TAUh)\<2\\V -Vn\\L^ snv\\K{a)\\ 

to estimate the error when replacing V hy Vn- 
In the limit h — )■ 0, 

(Taw,, [Hi {t, ■) , K {hD,)] T^un) ^ Tr / [H^ {t, ■) , K (a)] pa (t, ds, da) 
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since Vn is smooth. We use again the inequahty 



Tr / [V-Vn,K{a)]pj,{t,ds,da) 



< 2||V-K||l- sup \\K{a) 



to estimate the error when replacing Vn by V. 

Letting h — > and then n — > +00, we find that 



— Tr / K (a) pa (t, ds, da) = iTr / [Hy (t, s) , K (cr)] p^ (t, ds, da) 

dt Jt*j^j_ Jt'T^^ 

where ^ is meant in the distribution sense. 

Again, we can restrict p\ to (s, cr) G T^j- x R^ since it is a positive measure. This 
concludes the proof of Lemma [26] in the continuous case. 

5.3. Case of an L°° potential. Let us turn to the case of a potential V that satisfies 
condition (R) of the introduction. We use again an approximation argument, but we have 
to use the fact that we already know that the limit measures are absolutely continuous. 

It is enough to consider the restriction of n^{t) to t G [0,T], for any arbitrary T. For 
any e > 0, we then consider the set K^ and the function K described in Assumption 
(R). Consider an open set W2e of Lebesgue measure < 2e such that K^ C W2e- Let us 
introduce a continuous function Xe taking values in [0, 1], and which takes the value 1 on 
the complement of W2e and on K^ (this is where we use the fact that K^ is closed). 

Lemma [271 still holds. We use it to write 

(32) ^ {n^^ it) ,K)=t (TA«,(t), [H^^y^ (t, ■) , K (hD,)] Tj,u,it)) 

+ I {TAUhit), [xe{t) {V{t) - V{t)) , K (hDs)] TAUhit)) 

+ I {TAUhit), [V{1 - Xe){t), K (hDs)] TAUh{t)) . 
Arguing as in §5.2[ we see that 

{TaUh, [H^^y^ (t, ■) , K {hD,)] TaUh) 
converges to 

(33) Tr / [H^^y^ (t, ■) , K {a)] Pa (t, ds, da) 

in the limit h — > 0, since XeVe is continuous. Note that we can replace K by V in this 
limiting term (133|) . up to an error of 2esup^gA± ||ii'(cr)||. Analogously, we are going to show 
that in the limit h — )■ the remaining error terms give a contribution that vanishes as e 
tends to zero. In other words, we are going to show that the following equation holds, 
(34) 

-Tr / K {a) Pa (t, ds, da) = iTi [ [H^y (t, s) , K {a)] Pa {t, ds, da)+ sup \\K{a)\\R 

at Jt*t^x Jt'T^^ o-eA^ 

where R^ does not depend on K, and goes to as e — > 0. To do so, we estimate the error 
terms involved. 
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The term \{T\Uh{t), [Xei^ ~ Ve), K {hDs)]T\Uh{t))\ is easily seen to be bounded from 
above by 2esup^g^± ||i^(cr)||. 

We now turn to the error term involving V{1 — Xe) in ( 132|) . We use the fact that this 
function is supported on a set of small measure, and that we know that the limit measures 
are absolutely continuous. We deal with the first term in the commutator, the second one 
may be treated analogously. Clearly 

\{TAUhit),Vil-Xe)KihD,)T^Uhm < \\V\\l^ snp \\K{a)\\\Mt)\\\\{l - XeW 
Integrating along an L^ function 6{t), 

e{t) (Tj^Uhit), V{1 - Xe)K {hD,) T^Uhit)) dt 

<\\V\\l^ sv.v\\K{a)\\ f \e{t)\\\u,{t)\\\\{l - Xe)uHmdt 
o-eA-L Jo 

< \\VU^ sup ||ir(a)|| (^J^^ \e{t)\\\u,{t)rdt^ (^^ |^(t)|||(l - XeWm'dt^ 

/ rT X 1/2 / .T X 1/2 

= ||F|Uo. sup||ir(a)|| / \e(t)\dt) / \e(t)m-x.)uH{t)\?dt 

By Corollary [2] we know that J^ |^(t)|||(l — Xe)uh{t)\\^dt converges as h — )■ (along a 
subsequence) to 

/ \e{t)\\l-Xe{t,x)\^Vt{dx)dt 
JT'i 

where Vt is an absolutely continuous probability measure on T"^. The function |1 — Xe(^, x)\ 
takes values in [0, 1] and is supported in W2ei of measure < 2e. Thus, 

rp 

[ \9{t)\\l-Xe{t,x)fut{dx)dt-^0 

Jj<i 

as e — )■ 0. 

Equation (134|) is now proved. Restricting p\ to (s, a) G T^j- x i?^, it follows that 
(35) 

I- 
dt 



Tr / K (a) pa (t, ds, da) = zTr / [H^^y (t, s) , K (a)] p^ (t, ds, da)+ sup \\K{a)\\R, 

Jt. I x_Ra Jt, I x_Ra o-eA-L 



There remains to show how to conclude Lemma 1261 from equation f l35l) . To do so, we prove 
that 



(36) Tr / [H^^y (t, ■) , K (a)] pa (t, ds, da) 
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is the same as 

(37) Tr [ [H^ {t, ■) , K (a)] p^ {t, ds, da) 

up to an error which goes to with e. The difference between both is 
Tr / [Vil-Xem,K{a)]pA{t,ds,da) = Ti [ V{l-Xe){t)K {a) p^{t,ds,da) 

- Tr / K (or) Vil - Xe){t)pA (t, ds, da) . 

Jt^^xRa 

Let us consider for instance 

(38) Tr / Vil-Xe)it)K{a)pA{t,ds,da). 

^T^_lX-Ra 

For any 6 G L^(R), the measure 



a e C([0, T] X T'^) ^ / ^(t)Tr / rriaK (a) pA {t, ds, da) dt 

Jo Jt, I xRa 



is absolutely continuous, therefore 



/ e{t)TT V{l~Xe)it)K{a)pA{t,ds,da)dt 

Jo Jj^^xRa 

goes to when e — > 0. 

This finishes the proof of Lemma [26l 

Remark 28. The same argument applies to show that the operator-valued measure 

~AiA2...A,_i ^^^ ^^^ ^^^ dr]i,..., drji) 

appearing in ( l28ll satisfies the propagation law analogous to Proposition l24\ 
— Tr / K (a) p^i^2...A,„i ^^^ ^^^ ^^^ ^^^^ ^ ^ ^ ^ dT]i_i) 

«f JT*T^xXi?A2{Ai)x...XiJA,{A,_i) 

= ^Tr / Hf^. (t, ■) , K (a) p^i^2...A,_i ^^^ ^^^ ^^^ ^^^^ _ _ _ ^ ^^^^^^^ ^ 

JT*T^xxiJA2(Ai)x...xi?A;(Ai-i) '- ' ^ 

5.4. End of proof of Theorem [31 To end the proof of Theorem |3l we let 

0<fc<d-l AoA2D-oAfeDA ■^^'^ 

where Ai, . . . , A^ run over the set of strictly decreasing sequences of submodules, such that 
Afc C A. We also let 

o-A = E • E / p^^^^'"^" {0,ds,da,di]i,...,dr]k,dr]) 

0<k<d-l AoA2D-oAfcDA-^^''x^AiXi?A2(Ai)x...xRA{Afc)x(A) 
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where the p^^ ^"' ^ are the operator- valued measures appearing in ( 128|) . 



6. Propagation of p and end of the proof of Theorem [U 

We have already proved statement (i) of Theorem [H we shall now concentrate on (ii). 
We shall need a preliminary result, which is of independent interest, that describes the 
propagation of /i, the projection of /i onto the variable ^ G M'^. 

Proposition 29. Suppose that Hq G M.+ (T*T'^) is a semiclassical measure of {uh)- Then 
p, is constant for a. e. t and, 



(39) /i = / /iQ (dy. 

Proof. We write for a G C^{W^) and T G M: 



{Uv(T)uh, a {HD^) Uv(T)uh) - {uh, a {HD^) Uh) 



^ ' A 



i I {Uv{t)uh, 



a{hD,),-- + V 



Uv{t)uh)dt = -i / {Uv{t)uh, [a (HD,) , V] Uv{t)uh)dt. 



If l^ G C°°(M X T*^), we have the estimate coming from pseudodifferential calculus, 

\\[a{hD.^),V]\\L2(jci)_,L2(jci) = 0{h). 
This implies that, for every T E^: 

(40) \im{UviT)uh, a (hD,) Uv{T)uh) = [ a (0 Po (dx, d^ , 

which in turn shows (139|) . 

When V G C(M x T'^), we establish (00]) by showing that 

\\[a{hDx) JV]\\L2^Jd).^^L2^Jd) _ — ^ 0. 

This can be proved by an approximation argument as in §5.21 : 

[a (hD^) ,V] = [a (hD^) , K] + [a (hD^) ,V-Vn], 
with [a (hD^) , K] — ^ if K G C°°(M x T'^), and 

h — >0 

\\[a{hD^),V - K]||l2^l2 < 2\\a{hD^)\\L2^L2\\V -K|U«>- 
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If V satisfies Assumption (R), we write with the same notation as in §5.3[ 

T 

{Uvit)uh, [a (hD^) , V]Uv{t)uh)dt 



T 

{Uv{t)uh. [a (hD,) , V,Xe]Uvit)uh)dt 


T 

+ / {Uvit)uh,[aihD,) ,iV -V,)xe]Uvit)uh)dt 

T 



+ / {Uv{t)uhAa{hD^),V{l-Xe)]Uv{t)uh)dt. 







••T , 



For fixed e, the term J {Uv{t)uh, [a{hDx) ,V^Xe\Uv{t)uh)dt goes to as /i — ;■ 0. The 

rT , 



term | f^ {Uv(t)uh, [a [hD^) , (V — V^)xe]Uv {t)uh) dt\ is less than 2e||a {hDx)\\- Finally, 
{Uvit)uh, [a (hD^) , V{1 - Xe)]Uv{t)uh)dt 





T 



<2||V||oo / \\a{hD^)Uv{t)uh\\L'\Td)\\{^-Xe)Uv{t)uh\\L'\Td)dt 
Jo 

/ rT \ 1/2 / ^T \ 1/2 

< 2||V||oo ( / \\a{hD,)Uv{t)uh\\l2^j,)dtj i ||(1 - xO^v W«/^lli2(T<^)C^^ 

and this goes to at the limits h — > and e — y 0, by the same argument as in §5.31 Again, 
we conclude that (HOl) holds in this case. This concludes the proof of the proposition. D 

Corollary 30. Let A be a primitive suhmodule of if- . If fiQ (T'^ x A"*-) = then cr/^ = 0, 
where (Ta is the operator appearing in Theorem\^ 

6.1. End of proof of Theorem [H Let us turn to the proof of the last assertion of 
Theorem [H Let us consider the disintegration of the limit measure /i with respect to ^. 
Here, to simplify the discussion, after normalizing /i we may assume that it is a probability 
measure (this is no loss of generality, since the result is trivially true when /i = 0). We 
call yU the probability measure on M*^, image of /i(t, ■) under the projection map (x, S) H- ^. 
We know that it does not depend on t. We denote by /i5(t, ■) the conditional law of x 
knowing S,-, when the pair (x,^) is distributed according to /i(t, ■). Starting from Theorem 
[I](i), we now show that, for /2-almost every ^, the probability measure /i^(t, •) is absolutely 
continuous. 

We consider a filtration, that is to say, a sequence J-'„ C J^n+i of Borel a-fields of M'^, 
such that U„J-'„ generates the whole cr-field of Borel sets. We will choose J-'„ generated 
by a finite partition made of hypercubes (that is, a family of disjoint sets of the form 
[«!, 6i) X . . . X [orf, hd)-, where ad < bd can be finite or infinite). For every ^, there is a unique 
such hypercube containing ^, and we denote this hypercube by J-'n{0- Finally, we choose 
J-'n such that /i does not put any weight on the boundary of each hypercube. 
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We know (by the martingale convergence theorem) that, for /i-almost every ^, for every 
continuous compactly supported function / and every non-negative integrable 6, 

Fix ^ such that (HTl) holds. Since /i(t, ■) is itself the limit of the Wigner distributions Wh{t, ■) 
and since it does not put any weight on the boundary of J^niO^ ^^ can choose 

- a sequence of smooth compactly supported functions Xn (obtained by convolution of the 
characteristic function of J^niO ^y a smooth kernel), and 

- a sequence /i„, going to zero as fast as we wish, 
such that 



(42) / f{x,Ol^di,dx)e{t)dt = \im 



Jjd^^d Xl{v)wh„{t, dx, dri)9{t)dt 



for all smooth compactly supported / and every 9. 

The absolute continuity of /^^ now follows from Theorem [1] (i), applied to the sequence 
of functions 

^ QPfe„(X«)^fen 

\\^VhSXn)Uh^\ 

7. Observability estimates 

We now turn to the proof of Theorem HI Using the uniqueness-compactness argument 
of Bardos, Lebeau and Ranch jl] and a Littlewood-Payley decomposition, one can reduce 
the proof of Theorem H] to the following Proposition IHH This is clearly detailed in [7j, from 
which we borrow the notation. This reduction requires the potential to be time-independent 
and this is why we make this assumption in Theorem SI 

Let X ^ C^ ((—1/2, 2)) be a cut-off function equal to 1 close to 1 and define, for h > 0: 

^/^«o := X (h^ f-^A + V 

Proposition 31. Given any T > and any open set u C T'*, there exist C, /iq > such 
that: 

(43) ||n,no||^,(^.)<C7y" \\Uv{t)Il^Uo\\l.^^)dt, 

for every < h < Hq and every uq G L^ (T'') . 

Proof. We argue by contradiction; if (H3l) were false, then there would exist a sequence (/i„) 
tending to zero and (Mo,n) in L^ (T'') such that Iih„Uo,n = ^Cn, 

\\UO,n\\L2(jd] = 1, lim / \\Uv{t)Uo^n\\l2(^)dt = 0. 
\ 1 n— >-oo J Q ^ ' 
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After eventually extracting a subsequence, we can assume that (wo.n) has a semiclassical 
measure /io and that the Wigner distributions of {Uv (i) iio,n) converge weak-* to some 
/i e L~ (M; A^+ (r*T'^)). By construction, we have that: 

/xo {T*r) = 1, fio (T" X {0}) = 0; 
and therefore, by Proposition [291 the same holds for /i (t, ■) for a.e. t G M. Moreover, 

(44) / /i(t,w X M^)rft = 0. 

Jo 

Now, we shall use Theorem IHlto obtain a contradiction. We first establish the inequality 
ioT d = 1 and then use an induction on the dimension. 

Case d = 1. Since /i (t, T x {0}) = and n {t, •) is invariant by the geodesic flow, it turns 
out that yU (t, ■) is constant. Since (jUj) holds, necessarily /i (t, •) = 0, which contradicts the 
fact that yU (t, T*T) = 1. This establishes Proposition [311 and therefore. Theorem [H for 
d=l. 

Case d > 2. We make the induction hypothesis that Proposition [31] holds for all tori 
]R"/27rr with n < c? - 1, and F a lattice in M" such that [{x, y) G Q Vy G QF <^ x e QF]. 

Now, as shown in Theorem [3l for b G L°° (T*^) we have: 

/ b{x)fi (t, dx, d^) = y2 b (x) z/A(t, rfx) = V] Tr (m(fe)^ [/(y)^ (t) cta f/(y)^ (t)*) , 

where m^b)^ denotes multiplication by (6) a and (Ta is a trace-class positive operator on 
L^ (Ta), where recall, Ta = (A) /27rA. 

For A = 0, the measure i'j>^{t) is constant in x, and since i'\[t,u}) = we have z/A(t) = 0. 

The fact that /z (t, T'^ x {0}) = implies that cta = for A = Z*^. Therefore, it suffices 
to show that o"a = for every primitive non-zero sub module A C Z^ of rank < d — 1. 

The torus Ta has dimension < d—1 and falls into the range of our induction hypothesis. 
Since dH]) holds, we conclude that: 

/ Tr (m(i„)^ ^(y)A W ^A ^<y)A(^)*) dt = 0, 
and hence 



J TV (mi^^^^ U^v)dt) ^A U^v)M) dt = 0, 
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where (c<;)a is the open set where (Itj)A > 0. By our induction hypothesis we have|j 

Tr (^a) < C(T, (u;)a) j Tr (jm^^^^ f/^y) Jt) ^a f/(y) Jt)*) dt, 

and thus (Ta = (for all A) and /i(t, T*T^) = 0. This contradicts the fact that /x {t, T*T'^) = 
1. D 

Coming back to the semiclassical measures of Theorem [H it is now obvious that 

Jo L'U,WJ 



Corollary [5] can then be derived by the same argument as in §6.1[ 

8. Appendix : pseudodifferential calculus 

In the paper, we use the Weyl quantization with parameter h, that associates to a 
function a on r*R'^ = R'^ x R"^ an operator Opf^{a), with kernel 

If a is smooth and has uniformly bounded derivatives, then this defines a continuous 
operator 5(R'^) — > S(R'^), and also 5'(R'^) — > S'{R'^). If a is (27rZ) "^-periodic with respect 
to the first variable (which is always the case in this paper), the operator preserves the space 
of (27rZ) '^-periodic distributions on W^. We note the relation Op^(a(x, ^)) = Op^(a(x, h$,)). 
We use two standard results of pseudodifferential calculus. 

Theorem 32. (The Calderon-Vaillancourt theorem) 

There exists an integer K^, and a constant C^ > (depending on the dimension d) such 
that, if a if a smooth function on T*T'^ , with uniformly hounded derivatives, then 

l|Opi(a)||i2(Trd)„^i2(Trd) <C^ V sup |(9"a|. 

a&i'^'l-,\a\<Kd 

A proof in the case of L'^{W^) can be found in ^. It can be adapted to the case of a 
compact manifold by working locally, in coordinate charts. 

We also recall the following formula for the product of two pseudodifferential operators 
(see for instance [9], p. 79) : Op]^(a) o Op^(6) = Op^(ajj6), where 

«tt^(^'0 = 777^15 / e^-("^'"^)(^a,)(izi)(^6,)(M2)rfMirfM2, 



To deduce this from Theorem SI it suffices to write (ta as a hnear combination of orthogonal projectors 
on an orthonormal basis of eigenfunctions of cta: 

CTA = ^ A„ \cj)n) (0„| ; 

new 
since A„ > and X^neN An < oo the observabihty inequahty for ita follows from the fact that it holds for 
every (/)„. 
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where we let z = (x,^) G M , a^ is the function u h-)> a(z + u), and J-' is the Fourier 
transform. We can deduce from this formula and from the Calderon-Vaillancourt theorem 
the following estimate : 

Proposition 33. Let a and b be two smooth functions on T*T'^, with uniformly bounded 
derivatives. 

I|0pi(a)o0pi(6) -Opi(a6)||i2(Td)^L2(T'i) < <^d V sup |(9"L'(a,6)|, 

aeN2d,|Q|<A'd 

where we denote D{a,b) the function D{a,b){x,^) = {dxdri — dyd^) {a{x,^)b{y,r]))'\x=y,rj=^- 

We finally deduce the following corollary. We use the notations of Section [3l 

Corollary 34. Let a G C°°{T'^ x W^) have uniformly bounded derivatives, and let x ^ 
C^(M'^) be a nonnegative cut-off function such that ^/x ^■^ smooth. Let < h < 1 and 
R> 1. Denote 



Assume that a > 0, and denote bpt = y^a^i, Then 



||OpJa«) - OphibRf\\L^T^)^L^T^) = 0{h) + 0{R~^) 
in the limits h — > and R — > +oo. 

Corollary 35. Let a G C°°(T'^ x M'^ x W^), 0-homogeneous in the third variable outside 
a compact set, with uniformly bounded derivatives, and let x G C^iW^) be a nonnegative 
cut-off function such that ^/x ^■^ smooth. Let < h < 1 and R> 1. Denote 



Assume that a > 0, and denote b^ = ya^. Then 

||Op,(a^) - Op,(6«)l^.(Tr.)^L2(Tr.) = 0{R~^) 
in the limits h — )■ and R — )■ +oo. 
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